We consider the light-front holographic QCD with the light-front wave functions for mesons, modified for massive quarks. We evaluate the wave functions, distribution amplitudes, and form factors for π, ρ, K, and J/ψ mesons and photon-to-meson transition form factors for π, η, and η mesons. The results are compared with the experimental data, wherever available.
I. INTRODUCTION
Defining a Yang-Mills theory at the conformal 3 + 1 spacetime boundary of an anti-de Sitter (AdS 5 × S 5 ) space [1] demands massless mesons. But it was shown that nonperturbative calculations can be performed in gauge theories with a mass gap dual to supergravity in warped spacetimes [2] . One can truncate the AdS space (hard-wall) or introduce a potential in the AdS space (soft-wall) to break the conformal invariance to build confinement at large distances, while retaining conformal behavior at short distances. The mass spectrum of hadrons was computed by Téramond and Brodsky [3] by truncating the AdS space (in its holographic coordinate z) with a hard-wall set by the QCD scale (Λ QCD ).
The correspondence between light-front holographic QCD and AdS 5 space was further utilized when hadronic wave functions were obtained by mapping an impact variable ζ, which represents the measure of transverse separation of the constituents within the hadrons, to the holographic variable z [4] . Four-dimensional Schrödinger equations were obtained for the bound states of massless quarks and form factors were evaluated for spacelike Q 2 .
The hard-wall model is the simplest but not the best way to incorporate confinement. The conformal invariance can be broken by introducing a dilaton background in the theory. It was found that by choosing a specific profile for a nonconstant dilaton, the usual Regge dependence can be obtained [5] . The dilaton field ϕ(z) produces an effective confining potential in the AdS action. Choosing ϕ(z) = κ 2 z 2 , usual Regge behavior was observed and meson spectrum and properties have been studied within holographic QCD frameworks by several groups [6] [7] [8] [9] . AdS/QCD wave functions and distribution amplitudes have been used to explain rho meson electroproduction [10] and radiative B decays [11] .
The AdS/QCD model consists of massless quarks due to lack of a corresponding field in AdS action which could generate quark masses. A prescription was suggested by Brodsky and Téramond [12] to include quark masses, which was further developed into models to obtain meson wave function with massive quarks [13, 14] . In this work, the model developed in Ref. [14] , which incorporates massive quarks, is used to look at wave functions and distribution amplitudes for mesons. Then, form factors and transition form factors are computed with massive quarks and compared with experimental data. The model is also studied for massless quarks and compared with the massive one.
The paper is organized as follows. Original AdS/QCD model for massless quarks is discussed briefly in Sec. II. Then, massive quarks are introduced and developed upon in Sec. II A. Wave functions and distribution amplitudes are studied in Sec. III for π, ρ, K, and J/ψ mesons. Then we calculate form factors for the four mesons and charge radii for pion and kaon and compare the form factors and charge radii for pion and kaon with the experimental data in Sec. IV. Further, transition form factors are computed for photon-to-meson decay of π, η, and η and plotted against experimental data in Sec. V. Finally, χ 2 per degree of freedom is calculated to quantitatively compare the predictions of the massive and the massless quark models in Sec. VI. The work is concluded in Sec. VII.
II. MESON IN ADS/QCD
Working in the Fock basis, the meson wave equation is obtained within semiclassical approximation with all the interaction terms embedded in an effective potential U (ζ). The light-front wave equation for the meson is then obtained as [6] − d
where ζ is a light-front transverse variable specifying the separation between the quark and the antiquark. 
with a normalization parameter A, which will be fixed later. Performing a Fourier transform, we get
In a completely different approach, namely, a domain model of QCD [15] , meson spectra and wave functions have similarities with the soft-wall AdS/QCD. It will be interesting to map these two formalisms to have a better understanding of the origin of the confining potential or the particular choice of the dilaton profile.
A. Massive quark model
The quark masses (m 1 and m 2 ) are introduced by extending the kinetic energy of massless quarks with
This is equivalent to the change
Finally the LFWF comes out to be
This modified wave function, which incorporates quark masses within the soft-wall framework, will be used to investigate the properties of π, ρ, K, and J/ψ mesons.
B. Getting the parameters
The dilaton parameter, κ, is fixed by the Regge trajectory. Now that quark masses have been introduced, the mass spectrum in Eq. (6) will be modified too. The modified spectrum should look like [16] 
where f (x, m 1 , m 2 ) is the wave function for the longitudinal mode, which is factored out from the meson LFWF as
For massless quarks, f (x) has been found to be f (x) = x(1 − x), which follows from an analysis of the meson form factor [4] and is extended for massive quarks as
where N is normalized as 1 = . This and other corrections to the mass spectrum are discussed in detail in Ref. [17] . Other corrections come from onegluon exchange and hyperfine-splitting contributions to the effective meson potential U (ζ). However, eventually after calculating all the corrections, it is seen that all the additional terms do not require a change in κ to fit the experimental spectrum for the case of light mesons [17] .
For π, ρ, and K, we take κ = 540 MeV [18] and for J/ψ, κ = 894 MeV [14] , which are obtained by fitting the meson mass to its respective Regge trajectory. Since π, ρ, and K follow a Regge trajectory different from that followed by J/ψ, they have different values of κ. There are some other values of κ for the pion in the literature, e.g., κ = 375 MeV [6] and 361 MeV [13] , obtained by fitting the pion form factor, and κ = 432 MeV [19] , obtained by fitting the pion transition form factor. Here, we consider κ = 540 MeV, obtained through the Regge trajectory and it is the same for π, ρ, and K.
Masses and decay constants are taken from PDG and other sources. To fix the normalization parameter A, we use the expression for the decay constant [20] 
All the values of the parameters used in this work are listed in Table I . The pion has its parameters listed for zero, current, and constituent quark masses, respectively, and the kaon has its parameters listed for current and constituent quark masses, respectively, while ρ and J/ψ have their parameters listed only for constituent quark masses. 
III. WAVE FUNCTION AND DISTRIBUTION AMPLITUDE
For π, ρ, K, and J/ψ, the wave functions are plotted in Figs. 1-6 using Eq. (10) . These graphs show the wave function narrowing down along x as the mass of the meson increases. This is because of the decreasing momentum spread among the quarks for heavier mesons. For current quark masses, the wave functions peak near the end points (x = 0, 1), while for constituent quark masses, which are heavier compared to current quark masses, the wave functions peak near x = 1/2. Also, Figs. 4-5 for the kaon wave function show an asymmetry in the momentum distribution because of unequal quark masses.
The meson distribution amplitudes are important for theoretical description of electroproductions of mesons. The distribution amplitude is calculated as [21] φ(x, q) =
where q 2 is the transferred momentum squared. Al- though the meson |ψ can be expanded into Fock states |ψ = a 1 |qq + a 2 |qqg + a 3 |qqgg + · · · , for asymptotically large q 2 , the first term dominates and we can use the wave function in Eq. (10), which is for thestate, and integrate over
The distribution amplitudes for π, ρ, K, and J/ψ are plotted in Figs. 7-12 in which they are compared with the pQCD prediction [22] 
Here, again, as the meson gets more massive the distribution narrows down toward the center.
IV. FORM FACTOR AND CHARGE RADIUS
In light-front coordinates, the electromagnetic form factor can be computed from the matrix elements of the plus-component of the current J + at light-front time x + = 0 as where q 2 < 0 is the transferred spacelike momentum squared. J + (x) can be computed as
Using the momentum expansion of ψ [23]
J + (x) can be expressed in the particle number representation. To compute the matrix element in Eq. (16), the initial and final meson states |ψ M (P + , P ⊥ ) are expanded in terms of their Fock components
×|n :
Then, after using a normalization condition and integrating over intermediate variables in the q + = 0 frame, we obtain the Drell-Yan-West expression [24, 25] for the form factor
A Fourier transform gives the form factor in terms of q as
where j runs over all n constituent quarks. For a meson, n = 2 and there are two terms which contribute to Eq. (21) . So, we get
Now, the integral over b ⊥ gives a Bessel function of the first kind and the sum over two quarks runs for charges e j → 1 3 , 2 3 and for momentum fractions x → x, 1 − x giving two integrals. Exchanging x ↔ 1−x in the second integral we get
where
⊥ . Now, performing a Fourier transform on our modified LFWF in Eq. (10) and using
⊥ , we get LFWF in impact space including light-quark masses as
Using Eq. (24) in Eq. (23), we get the meson form factor as
A. π form factor
For the pion, the form factor F π (Q 2 ) (Q 2 = −q 2 > 0) is plotted in Fig. 13 for constituent quark masses. To compare with the massless quark model, the pion form factor with zero-quark masses is also plotted. Here,
The pion form factor has been measured by CEA/Cornell [26] , CERN [27] , Baldini et al. [28] , JLAB [29] [30] [31] , and CLEO [32, 33] . The data from Baldini et al. [28] have many points which overlap with the ones from CEA/Cornell [26] and CERN [27] and, hence, have been plotted only once. We compare our model with these experimental data sets up to Q 2 = 18 GeV 2 in Fig. 13 . Clearly, the pion form factor with our model fits better with the data than the one with zero-quark mass limit. For large values of Q 2 , the asymptotic pQCD prediction for the meson form factor is [34] 
For α s = 0.3 and f M + = f π + = 130.7 MeV, the pion pQCD data are shown in Fig. 13 . The result from our model with massive quarks agrees well with the asymptotic pQCD prediction. This agreement is better than that with the data for large Q 2 values from CLEO [32, 33] .
B. ρ form factor
For ρ, the form factor F ρ (Q 2 ) is plotted in Fig. 14 , along with the plot for zero quark masses. Here, F ρ (Q 2 ) is normalized to F ρ (0) = 1.
C. K form factor
For the kaon, the form factor F K (Q 2 ) is plotted in Fig. 15 for both nonzero and zero quark masses. Here, F K (Q 2 ) is normalized to F K (0) = 1. The kaon form factor has been measured by CERN [35] , FERMILAB [36] , and CLEO [32, 33] . We compare our model with these experimental data sets up to Q 2 = 18 GeV 2 in Fig. 15 . Similar to the pion, the values from the asymptotic pQCD prediction [Eq. (26) ] are also plotted, which fit closely with our model. [18] . The plot magnified for smaller values of Q 2 is shown in the inset. The data are taken from [26] [27] [28] [29] [30] [31] [32] [33] . The data points plotted from Baldini et al. [28] (shown as black asterisks) are only those which do not overlap with the ones from CEA/Cornell [26] and CERN [27] .
D. J/ψ form factor
For J/ψ, the form factor F J/ψ (Q 2 ) is plotted in Fig. 16 , for both nonzero and zero quark masses. Here, F J/ψ (Q 2 ) is normalized to F J/ψ (0) = 1.
E. Charge radius
The charge radius of the meson can be calculated as
For the pion, with κ = 540 MeV, the charge radius comes out to be r 2 π = 0.529 fm for massive quarks and 1.679 fm for massless quarks, while the experimental value is r 2 π = 0.672 ± 0.008 fm [37] . For the kaon, with κ = 894 MeV, it comes as r 2 K = 0.598 fm for massive quarks and 1.679 fm for massless quarks, while the experimental value is r 2 K = 0.560± 0.031 fm [37] .
The deviation from the experimental values, significantly evident in the pion's case, can be attributed to the fact that the value of a charge radius mainly depends on the values of the form factor only at small Q 2 (near zero), given that we compute the slope in the Q 2 = 0 limit. In this range, our model does not agree quite well with the experimental data, which in turn causes this mismatch.
V. TRANSITION FORM FACTOR
The amplitude for two-photon production of the meson (γ * γ → M ) contains an unknown function of photon virtuality (Q 2 ) which is known as the meson transition form factor. The photon-to-meson form factors are measured in several experiments [38] [39] [40] [41] [42] . Thus, there are many theoretical interests to predict these transition form factors. Here we present the predictions from the AdS/QCD model of massive quarks.
A. π transition form factor
The photon-to-pion transition form factor F πγ (Q 2 ) can be calculated in QCD as [21] 
where x is the longitudinal momentum fraction of the quark hit by the virtual photon in the hard scattering process andx = 1 − x is for the other spectator quark.
The distribution amplitude φ(x, Q) is given by Eq. (14) . In pQCD, the pion distribution amplitude for Q 2 → ∞ is given by φ(x, Q 2 → ∞) = 3/2f π x(1 − x). Thus, the pQCD prediction for the pion transition form factor is given by lim Q 2 →∞ Q 2 F πγ (Q 2 ) = √ 2f π where f π is the pion decay constant. The Q 2 dependence of the form factor helps to constrain the models for distribution amplitudes. In our model, the distribution amplitude is given by Eq. (15) and the expression for the pion transition form factor can be written as
This simplifies to the following form
The pion transition form factor is plotted in Figs. 17-18 for F πγ (Q 2 ) and Q 2 F πγ (Q 2 ), both for nonzero and zero quark masses. The pion transition form factor has been measured by BABAR [38] , CLEO [39] , CELLO [40] , and Belle [41] . We compare our model with these experimental data sets up to Q 2 = 40 GeV 2 in Figs. 17-18 . The plot for our model with nonzero quark masses fits better with the data. The data for large Q 2 values from the BABAR Collaboration do not agree so well with the theoretical prediction from our model, similar to what has been seen in several other studies. However, the data from the Belle Collaboration for the similar range of Q 2 values fit better with the model. Note that the form factor with massless quarks fails to fit with the experimental data.
B. η and η transition form factors
The form factors for η and η mesons, for the photonto-meson decay, can be calculated using the prescription used in Ref. [19] . The η and η mesons result from the mixing of neutral states η 8 and η 1 given by
Their transition form factors are given by the same expression as for the pion, except there is an overall constant factor c P = and η 1 transition form factors are obtained which give the transition form factors for the physical states η and η through the following mixing of eigenstates The mixing angle is θ = −11.4
• [37] . The plots for [42] and CLEO [39] . We compare our model with these experimental data sets up to Q 2 = 40 GeV 2 in Figs. 19-22 . The data from the BABAR Collaboration for η and η have better agreement with the model's prediction than in the case of π. For the transition form factors, the quark masses seem to play a major role and, particularly at large Q 2 , significant improvements are observed over the model with massless quarks.
VI. CALCULATION OF χ 2 PER DEGREE OF FREEDOM
Before looking at the accuracy of the predictions of this model, it needs to be emphasized that the purpose of this work is to demonstrate the improvement in agreement with the experimental data of the AdS/QCD model for meson, when the wave functions are modified to include the quark masses. The model still represents a valence quark picture and, hence, is not expected to reproduce the experimental data with high accuracy. From  Figs. 13-22 , it is evident that the inclusion of quark masses considerably improves the model's predictions. The only tunable parameter in the AdS/QCD model is κ, which is already fixed by the Regge trajectory, and, hence, we have no free parameter to fit. For the sake of a From Table II it can be inferred that, except for the pion and the kaon form factors, the massive quark model gives much better values of χ 2 per degree of freedom for the meson properties. The massive quark model reproduces the overall behavior of the pion form factor much better than the massless one, as can be seen from Fig. 13 . However, as shown in the inset of Fig. 13 
VII. CONCLUSIONS
Light-front holographic QCD maps an effective gravity theory defined in a five-dimensional warped antide Sitter spacetime to a semiclassical approximation to strongly coupled QCD quantized on the light-front. It provides a way to model the wave functions of hadrons, analyze their spectrum, and their properties and compare with the experimental data. The soft-wall holographic model has been found particularly useful in computing hadron form factors and transition form factors, which are found to be consistent with the currently available experimental data.
In this paper, we have presented the results for the wave functions, distribution amplitudes, and form factors for π, ρ, K, and J/ψ mesons using the wave functions predicted by the soft-wall holographic model in AdS/QCD. Here, we have used wave functions, modified to include quark masses, which follow from the prescription suggested by Brodsky and de Téramond [12] .
The results for pion and kaon form factors are compared with the available experimental data from different experiments. In most cases, AdS/QCD results with zero quark mass fail to agree with the experimental data. The modified AdS/QCD wave functions for massive quarks considerably improve the agreement with the data. The distribution amplitudes and form factors are also compared with pQCD predictions and found to be consistent. In fact, the pQCD predictions for the pion and kaon form factors, given by F M (Q 2 ) = 8πα s f 2 M + /Q 2 at large Q 2 values, are in excellent agreement with our AdS/QCD model with massive quarks.
We have also presented the photon-to-meson transition form factors for π, η, and η , which are reasonably consistent with the available experimental data. The BABAR data [38] at large Q 2 values for the pion transition form factor are not compatible with our model's results, as has been the case with many other theoretical models, while the data from Belle Collaboration [41] have better agreement. The BABAR data [42] for η and η are more compatible with the model's results than they are for π. Again, the results for massless quarks are inconsistent with the data. These conclusions are also supported by the values of χ 2 per degree of freedom, computed for the massive and the massless quark models.
Overall, the results for the form factors and the transition form factors predicted from our model with massive quarks are seen to be more consistent with the experimental data than the results from the model with massless quarks. Inclusion of quark masses can be seen as a good approach to extend the already available AdS/QCD models in order to explain hadronic properties, e.g., generalized parton distributions, nucleon form factors, etc.
